The density functional theory for superconductors developed in the preceding article is applied to the calculation of superconducting properties of several elemental metals. In particular, we present results for the transition temperature, for the gap at zero temperature, and for thermodynamic properties like the specific heat. We obtain an unprecedented agreement with experimental results. Superconductors with both strong and weak electron-phonon coupling are equally well described. This demonstrates that, as far as conventional superconductivity is concerned, the first-principles prediction of superconducting properties is feasible.
I. INTRODUCTION
The recent discovery of superconductivity 1 at around 40 K in MgB 2 has renewed the attention of the scientific community on this field. MgB 2 is just one in a long list of materials that are found to be superconducting. This list includes several elemental metals, heavy-fermion compounds, high-T c ceramics, 2 fullerenes doped with alkali-metal atoms, 3 etc. The mechanism responsible for superconductivity can have different origins. For example, in the elemental metals, in the fullerenes, 3 and also in MgB 2 , 4,5 the electron-phonon interaction is responsible for the binding of the Cooper pairs. This situation is usually referred to as "conventional superconductivity." On the other hand, it is generally believed that the very high transition temperatures exhibited by the high-T c compounds are ͑at least partly͒ due to Coulombic effects. Following the remarkable experimental discoveries of the last years, there were numerous theoretical developments that have greatly improved our description and understanding of superconductivity. However, the prediction of material-specific properties of superconductors still remains one of the great challenges of modern condensed-matter theory.
In this work, we present an ab initio theory to describe the superconducting state. It is based on a density functional formulation, and is capable of describing both weakly and strongly coupled superconductors. This is achieved by treating the electron-phonon and Coulomb interactions on the same footing. The main equation of this theory resembles the gap equation of the theory of Bardeen, Cooper, and Schrieffer. 6 It is, however, free of any adjustable parameter and contains effects originating from the retarded nature of the electron-phonon interaction. The theoretical foundations of our approach are presented in the preceding paper, 7 which will henceforth be referred to as I. As in ordinary density functional theory ͑DFT͒, [8] [9] [10] the complexities of the manybody problem are included in an exchange-correlation functional. In I we use Kohn-Sham perturbation theory 11 to derive several approximations for this quantity. In the present paper we describe the implementation of our theory, and its application to the calculation of superconducting properties of elemental metals. The systems under consideration range from weak-coupling ͑Mo,Al,Ta͒ to strong-coupling ͑Nb,Pb͒ superconductors. By studying these well-known systems, we illustrate the usefulness and accuracy of DFT for superconductors. Furthermore, our results serve as a justification for the choices and approximations made in I. Further applications of our approach to more complex systems like MgB 2 ͑Ref. 5͒ or solids under pressure will be presented in separate publications. This paper is organized as follows. In Sec. II we give a brief summary of the theoretical foundations of our work. The exchange-correlation functionals are described in Sec. III. We present three different levels of approximation: functionals that retain the full dependence on the wave vector, energy-averaged functionals, and hybrid schemes. We proceed with an account of the computational details of our numerical implementation. In Sec. V we present and discuss numerical results obtained for the elemental metals. These results include calculations of the transition temperature T c , the gap at zero temperature ⌬ 0 , and thermodynamic properties like the specific heat. The last section is devoted to the conclusions.
II. METHOD
In this section we give a brief account of the theoretical foundations of DFT for the superconducting state. For an in depth description of this theory, we refer the reader to I.
A correct description of the superconducting state has to include the effects of the electron-electron and electron-phonon interactions. DFT for superconductors is a theory designed to treat on the same footing both electronic correlations and the electron-phonon coupling. To achieve this unified description, we start with the full electron-nuclear Hamiltonian. A multicomponent DFT ͑Ref. 12͒ is then established using a set of three densities: ͑i͒ the normal electronic density n͑r͒; ͑ii͒ the anomalous density ͑r , rЈ͒, which is the order parameter of the superconducting state; and ͑iii͒ the diagonal of the nuclear density matrix ⌫͑R គ ͒, where R គ is a shorthand for the N nuclear coordinates ͕R 1 , R 2 , … , R N ͖. An extension of the Hohenberg-Kohn theorem 8, 13 guarantees a one-to-one correspondence between the set of the densities ͕n͑r͒ , ͑r , rЈ͒ , ⌫͑R គ ͖͒ in thermal equilibrium and the set of their conjugate potentials. As a consequence, all observables are functionals of this set of densities.
We then construct a Kohn-Sham system 9 composed of noninteracting ͑but superconducting͒ electrons and nuclei. The latter interact with each other through an N-body potential, but do not interact with the electrons. The Kohn-Sham system is chosen such that the Kohn-Sham densities are equal to the densities of the interacting system. The EulerLagrange equations for the Kohn-Sham system lead to a set of three coupled equations, one describing the nuclear degrees of freedom, and the other two describing the electrons. These three equations have to be solved self-consistently. The nuclear equation describes a set of N nuclei under the influence of an effective N-body potential v s n ͓n , , ⌫͔͑R គ ͒, and has the same structure as the usual Born-Oppenheimer equation for the nuclei. In this paper we are interested in solids at relatively low temperature, where the nuclei perform small oscillations around their equilibrium positions. In this case, we can expand v s n ͓n , , ⌫͔͑R គ ͒ in a Taylor series around the equilibrium positions, and transform the nuclear degrees of freedom into collective ͑phonon͒ coordinates. The KohnSham electrons obey a system of two coupled equations
Note that for a periodic solid, we can classify the corresponding solutions according to the symmetry of the translational group of the crystal. Thus we label the eigenstates with a principal quantum number n and a wave-vector quantum number k. Equations ͑1͒ have the same structure as the Bogoliubov-de Gennes equations, and describe a system of non-interacting, superconducting electrons moving under the influence of the effective potential v s e ͑r͒ and the effective pairing field ⌬ s ͑r , rЈ͒. As is usual in DFT, the effective potentials ͕v s e , ⌬ s , v s n ͖ are functionals of the set of densities ͕n , , ⌫͖ and include Hartree and exchange-correlation contributions. These latter terms, the exchange-correlation potentials, are defined as functional derivatives with respect to the densities of the exchange-correlation contribution to the free energy F xc .
The full self-consistent solution of the three Kohn-Sham equations is a highly demanding task. For the time being, we resort to some additional approximations in order to simplify the problem. First, we neglect the dependence of the nuclear potential v s n on , which amounts to neglecting the effect of the superconducting pair potential on the phonon dispersion. This effect has been measured experimentally, 14 and it turns out to be quite small. Furthermore, we assume that the nuclear potential v s n is well approximated by the BornOppenheimer potential. Within these approximations, the phonon frequencies and the electron-phonon coupling constants can be calculated using standard density functional linear-response methods. 15 A direct solution of the Kohn-Sham Bogoliubov-de Gennes equations 16 ͑1͒ is faced with the problem that one needs extremely high accuracy to resolve the superconducting energy scale, which is about three orders of magnitude smaller than typical electronic energies. At the same time, one has to cover the whole energy range of the electronic band structure. The problem can be simplified through the decoupling approximation. 17 First we assume that v s e ͑r͒ does not depend significantly on the anomalous density . In fact, we expect that corrections to v s e ͑r͒ are of the order of ͉͉ 2 and therefore much smaller than the typical electronic energy scale. The normal-state Kohn-Sham eigenfunctions and eigenenergies can then be used to construct approximations for the eigenstates of the superconducting phase
The nk 's are the solutions of the normal-state Kohn-Sham equations for band n and wave vector k and can thus be calculated using standard electronic-structure methods. If N b is the number of bands, the decoupling approximation transforms, for every k point in the Brillouin zone, the 2N b ϫ 2N b eigenvalue problem given by Eq. ͑1͒ into N b ͑2 ϫ 2͒ secular equations. The Kohn-Sham eigenenergies then become
where nk are the normal-state Kohn-Sham eigenvalues measured relative to the chemical potential nk = ⑀ nk − . The matrix elements ⌬ nk , which are a central quantity in our formalism, are defined as
Within the decoupling approximation, ⌬ nk is determined by the integral equation
͑5͒
where ␤ is the inverse temperature. The quantities Z nk and K nk,n Ј k Ј are functionals of the pair potential ⌬ nk and of the chemical potential . We note that, although the gap equa-tion ͑5͒ is static ͑i.e., it does not depend explicitly on the frequency͒, it includes retardation effects through the functionals Z nk and K nk,n Ј k Ј . We will come back to this point later in the discussion of our results. It is possible to view the decoupling approximation from a different perspective: It can be shown that the matrix elements of the pair potential ⌬ s ͑r , rЈ͒ are diagonal with respect to all symmetry-related quantum numbers, in particular the Bloch wave vector k, but also labels of the point-group symmetry ͑which usually are not explicitly given͒. The decoupling approximation amounts to neglecting the matrix elements which are off diagonal with respect to the band index n. For a given k point in the Brillouin zone, the corresponding states are in general energetically far apart, which justifies the neglect of these matrix elements. The only situation where this approximation may break down is when two bands of the same symmetry cross in the vicinity of the Fermi surface. We note in passing that the decoupling approximation is ͑trivially͒ exact for the uniform superconducting electron gas.
The decoupling approximation can further be justified by the fact that a perturbative treatment of the neglected offdiagonal terms does not give any contribution in first order. 18 To see this, we consider the neglected part of the pair potential
and treat it by perturbation theory. The first-order correction to the eigenenergies E nk is given by
Inserting the eigenfunctions u nk ͑r͒ and v nk ͑r͒ within the decoupling approximation, as given by Eq. ͑2͒, and using the orthogonality of the Bloch wave functions,
allows us to interpret 2⌬ nk as the superconducting gap. As a matter of principle, there is no guarantee that this gap reproduces the true gap of the superconductor: Even with the exact exchange-correlation ͑xc͒ functional, the Kohn-Sham system need not reproduce the true spectrum of the fully interacting system. In semiconductors and insulators, the fundamental gap is given by the Kohn-Sham gap plus the discontinuity of the xc potential with respect to the particle number. Standard functionals such as the local density approximation and the generalized gradient approximation are continuous with respect to the particle number and, therefore, cannot reproduce the discontinuity. In the superconducting case, the appearance of a discontinuity is not expected because we are not working with fixed particle number in the first place. This fact alone, of course, does not prove that, for superconductors, the Kohn-Sham gap resulting from the exact xc functional would be identical with the true gap. This question remains the subject of future investigations.
III. FUNCTIONALS A. k-dependent functionals
In this work we use the partially linearized versions for the functionals Z nk and K nk,n Ј k Ј proposed in I. The contributions stemming from the electron-phonon interaction are obtained with the help of Kohn-Sham perturbation theory. There are two terms. ͑i͒ The first is nondiagonal
where g ,q nk,nЈkЈ are the electron-phonon coupling constants and the function I is defined as
͑10͒
In the previous expression f ␤ and n ␤ are the Fermi-Dirac and Bose-Einstein distributions. ͑ii͒ The second contribution is diagonal in nk and reads
͑11͒
where the function J is defined by
Finally we have
On the other hand, the Coulomb interaction leads to the term
with the definition
The electronic contribution is written in terms of the matrix elements ͑MEs͒ of the screened Coulomb potential, as the use of the bare potential would be unrealistic. In this work we use a very simple model for the screening, namely, the Thomas-Fermi ͑TF͒ model
with the Thomas-Fermi screening length k TF given by
Finally, N͑0͒ denotes the total density of states at the Fermi level. Within this approach, the MEs are calculated using the Bloch functions of the real material. In this basis, the MEs read ͑using standard notation͒
where V is the volume of the unit cell.
B. Energy-averaged functionals
As discussed in the previous section, to obtain the gap function ⌬ nk , we solve the gap equation ͑5͒ with the functionals given by Eqs. ͑9͒ and ͑11͒ for the electron-phonon interaction, and by Eq. ͑15͒ for the Coulomb repulsion. The inputs required for such calculation are the electron-phonon coupling constants g ,q nk,nЈkЈ , and the normal-state Kohn-Sham eigenenergies nk and eigenfunctions nk . The coupling constants can be obtained from linear response 15 DFT calculations, while the eigenstates are the basic output of any standard DFT code.
It is possible, however, to further simplify the solution of Eq. ͑5͒. Very often, in the context of Eliashberg theory, 19 one neglects the gap anisotropy over the Fermi surface. We can apply the same approximation in our context ͑see Ref. 20 for further details͒. We assume that the pair potential is constant on isoenergy surfaces, i.e., it depends on the energies only:
We then insert the unity 1 = ͐d ␦ ͑ − n Ј k Ј ͒ under the nЈkЈ summation in the right-hand side of Eq. ͑5͒, multiply the whole equation with the factor ␦ ͑ − nk ͒, and perform the summation over all nk. Finally we divide the resulting equation by the density of states at the energy , N͑͒ = ͚ nk ␦ ͑ − nk ͒. This yields the gap equation in energy space, which now is only a one-dimensional integral equation:
͑20͒
The energy-averaged functions K͑ , Ј͒ and Z͑͒ are defined as
͑22͒
We should mention that in performing the average over isoenergetic surfaces we assumed an s-wave pairing field. It is straightforward to devise similar averaging procedures for pairing fields of different symmetry.
The phononic contributions to the averaged functionals read
with I and J given by Eqs. ͑10͒ and ͑12͒. Finally, the Eliashberg spectral function is the electron-phonon coupling constant averaged on the Fermi surface,
Note that in Eq. ͑25͒ ͓and, consequently, in Eq. ͑23͔͒ we replaced the density of states N͑͒ by its value at the Fermi energy N͑0͒. This procedure is well justified, because it only requires that for each given band the couplings do not change much on an energy scale of the order of the Debye frequency, i.e., meV. The energy dependence of the density of states, on the other hand, is kept in Eqs. ͑20͒ and ͑22͒, as N͑͒ can vary even on this small energy scale ͑e.g., in transition metals where the Fermi energy is at the edge of large peaks in the density of states͒. In order to evaluate the Coulomb terms, we further approximate the Kohn-Sham eigenvalues by a free-electron ͑FE͒ parabolic dispersion k = k 2 / 2. This approximation is well justified for simple metals, but it is expected to fail for more complicated systems. Within this approximation the energy average of the Thomas-Fermi screened Coulomb interaction, given in Eq. ͑18͒, reads
with k = ͱ2͑−͒ and kЈ = ͱ2͑ Ј− ͒.
C. Hybrid functionals
It is possible to obtain a hybrid approach where the averaged functionals are used in the k-dependent gap equation ͑5͒. The averaged phononic terms ͑23͒ and ͑24͒ can be used in Eq. ͑5͒, just by replacing the energies and Ј by the energy eigenvalues of the real material nk and n Ј k Ј :
For the electronic terms we use an approach that goes along the lines of Sham and Kohn ͑SK͒, 21 as detailed in I. The basic idea is again to replace the free-electron bands by the real bands of the material, and furthermore to adjust the chemical potentials of the two systems. The functional reads
ͪ .
͑29͒
In this expression we defined nk = nk + 1 2 k F 2 , where k F is the Fermi wave vector of a homogeneous electron gas with ͑con-stant͒ density equal to the average density of the material.
IV. COMPUTATIONAL DETAILS
Obtaining superconducting properties through the solution of the gap equation can be viewed as postprocessing results of standard electronic structure calculations. In this work we used electronic band structures obtained from fullpotential linearized augmented plane-wave 22 calculations; the same method is also used to compute the Coulomb potential matrix elements ͑18͒, along the lines described in Ref. 23 . On the other hand, the Eliashberg function can be obtained from linear response calculations. 15 ͑Note that the Eliashberg functions can also be extracted from experiment. While the use of such experimental ␣ 2 F's renders the theory semiphenomenological it often gives useful insights.͒ We developed two completely independent codes: the first solves the averaged gap equation ͑20͒ in energy space; the second solves the k-resolved gap equation ͑5͒. The two schemes were compared whenever possible, and give similar results for the simple metals studied here ͑see the discussion at the end of this section͒. The solution of the averaged gap equation is a quite simple numerical task. The energy is discretized in a logarithmic mesh in order to increase the accuracy close to the Fermi level and the resulting equation is iterated until convergence. This code was used within the TF-FE scheme. ͑For a summary of the different schemes, please refer to Table I .͒ On the other hand, to use the TF-ME and the TF-SK functionals we need to solve the k-resolved equation. This is a difficult numerical task mainly because ͑i͒ we need to describe the energy bands over a large energy window and, at the same time, ͑ii͒ we require a very good resolution in a small energy window around the Fermi energy. Requirement ͑i͒ comes from the large energy scales involved in the Thomas-Fermi screened Coulomb potential ͑typically of the order of the Fermi energy͒. This is not an artifact of the static nature of the Thomas-Fermi screening. In fact, even a more realistic dynamically screened potential would need a very large energy range. This point will be further discussed in the following section. To illustrate requirement ͑ii͒ we plot, in Fig. 1 , the kernel of Eq. ͑23͒,
The top panel of merical problems.͒ Considering that the kernel decreases to about 20% of its value within roughly 10 meV, it is clear that we need to sample very carefully this energy range. This is particularly important for materials, like niobium and tantalum, where the Fermi energy is at the edge of a peak in the density of states. In the bottom panel we plot the dependence of W on the frequency ⍀, for and Ј very close to the Fermi surface. The kernel W acts as a weight for ␣ 2 F͑⍀͒ ͓see, e.g., Eq. ͑23͔͒, and enhances the contribution of the lowerfrequency phonons.
In order to satisfy the requirements ͑i͒ and ͑ii͒ we developed the following numerical framework. Starting from ab initio bands calculated over a few hundred k points in the irreducible wedge of the Brillouin zone ͑BZ͒, we compute a good spline fit of nk over a Fourier series, according to the scheme of Koelling and Wood. 24 Using this fit, we then obtain the energies over a very large set of random k points, distributed according to a Metropolis algorithm. This algorithm was devised to accumulate a large number of k points in the first few meV's around the Fermi surface. A good convergence can be reached by using about 15 000-20 000 independent points for each band crossing the Fermi surface, while a reasonable description of the remaining bands is obtained with about 1000 independent points per band. The TF-ME scheme is the slowest to converge, as it involves the integration of a function which is peaked around ͉kЈ − k͉ → 0 ͑the integrand would diverge if we used the bare Coulomb potential instead of the Thomas-Fermi screened interaction͒.
The function ⌬ nk only needs to be defined in the irreducible wedge of the Brillouin zone. On the other hand, when using the TF-ME scheme, the kЈ summation has to be performed over the whole zone. This can be seen from the expression of the Coulomb matrix elements, Eq. ͑18͒: By setting k 0 the symmetry of the kЈ summation is broken ͑only the operations of the little group of k can be retained͒. This is a well-known situation also in the framework of electronic self-energy calculations. The case of the hybrid functionals is simpler. As these functionals depend on k and kЈ through nk and n Ј k Ј , and as the eigenvalues nk are totally symmetric with respect to the crystal point group, the summation over kЈ can be limited to the irreducible wedge of the Brillouin zone. This formalism can be easily generalized to the case of non-s-wave pairing, by imposing that the gap transforms according to a given irreducible representation of the crystal point group.
As an initial guess for the gap function ⌬ nk we use a step function. By using a Broyden scheme 25 to mix ⌬ nk , we obtain convergence in a mere 10-15 self-consistent iterations. The converged result at a given temperature can be used as a starting point for the next temperature. Clearly, this procedure reduces the total number of iterations required.
The matrix elements of the screened Coulomb potential are obtained with the full-potential linearized augmented plane-wave method, as explained in Ref. 23 . They are calculated for all bands within 15-30 eV from the Fermi surface ͑typically 14 valence and conduction bands͒. It is unfeasible to obtain the matrix elements for the whole set of random k points used in the solution of the gap equation. Thus, we calculate the matrix elements for a set of k and kЈ belonging to a regular mesh. The values at the random points k and kЈ are then obtained by mapping k and kЈ to the corresponding hypercube of the regular mesh. Test calculations have shown that already a 6 ϫ 6 ϫ 6 mesh gives acceptably small residual errors ͑1-2 % of the gap at E F ͒. A finer mesh is however needed to quantitatively estimate the spread of the gap for each given energy, which is material dependent and mostly due to the physical k and kЈ dependence of the matrix elements.
In Fig. 2 we show a detailed analysis of the convergence of our method for Nb, using the TF-SK approach. In this figure we plot the relative differences between the k-resolved approach and the results of the energy-only scheme, which can be considered to be numerically convergent ͑because of its use of a logarithmic energy mesh͒, but itself depending on the fine details of the input density of states. This is particularly true in the case of Nb, where E F sits in a rapidly varying part of the density of states ͑DOS͒. The results are shown as a function of the number of independent k points used for each band crossing the Fermi level, and circles and squares represent the results obtained using two different distribution functions used to sample the Brillouin zone ͑as detailed in the figure caption͒. We can see the capability of our procedure to converge toward the ͑computationally completely independent͒ energy-only result, with a very small numerical error. The two rather different samplings lead to almost identical averages, with a correct, Gaussian-like, distribution of results around the average. We notice that bands away from E F are sampled uniformly in k space, as it should since at these energies only the Coulomb term remains, with a weak energy dependence.
For simplicity, we used in all our calculations the averaged or hybrid phononic functionals. In this case, the electron-phonon interaction enters the calculation through the Eliashberg function ␣ 2 F͑⍀͒. This corresponds to neglect- ing the anisotropy of the electron-phonon coupling, which should be a good approximation for the particular systems studied in the following.
We quantify the precision of our results to be around 5%. This value includes the uncertainty associated with the Metropolis procedure. We emphasize that this is a nontrivial numerical achievement, as superconducting properties depend exponentially on the electron-phonon coupling and on the Coulomb interaction. Particularly difficult is to obtain numerically stable results for the small gap materials, where superconductivity stems from an almost complete cancellation of large and opposite terms.
V. RESULTS AND DISCUSSION
In the following we will present results obtained for the simple metals Al, Mo, Ta, Nb, and Pb. Note that this group of materials includes both weak-coupling ͑Al, Mo, and Ta͒ and strong-coupling ͑Nb and Pb͒ superconductors. We solved the gap equation within three different approaches, that we label TF-FE, TF-SK, and TF-ME ͑see Table I͒ .
In Fig. 3 we show the Eliashberg functions used in our calculations. All these curves were obtained by Savrasov 31 using linear response theory. The five materials cover a broad frequency range, from 1 to 10 THz. The ␣ 2 F͑⍀͒ function for Pb is located at much lower frequencies than for the other materials, due to the heavy nuclear mass of Pb. For this reason, Pb has the largest total electron-phonon coupling constant of the materials studied ͓ =2͐ d⍀ ␣ 2 F͑⍀͒ / ⍀͔. Nevertheless, Nb becomes superconducting at higher temperatures than Pb. This can be easily understood on the basis of McMillan's formula: 32 Besides the well-known exponential dependence on the electron-phonon coupling constant, the transition temperature increases linearly with the average phonon frequency. Lowering the phonon frequencies has therefore both a positive and a negative effect on T c . An accurate description of the superconducting state must take into account both these effects.
Before examining our results, we depict in Fig. 4 the behavior of the phononic functionals −N͑0͒K ph ͑ , Ј͒ and Z ph ͑͒. Both terms turn out to be very peaked at the Fermi energy, and are nonzero only in a small region around it ͑of the order of the Debye energy͒. Furthermore, the values of the functionals at the Fermi energy read N͑0͒K ph ͑0,0͒ =−, and Z ph ͑0͒ = . The K ph term is negative, reflecting the electron-phonon attraction responsible for the superconducting state. On the other hand, the term Z ph is positive and tends to decrease the superconducting gap and therefore T c .
In Fig. 5 we show the superconducting gap ⌬ calculated using different approaches for Pb and Nb. For Pb we also show curves calculated at different temperatures. It is important to note that for T Ͼ T c the self-consistent calculation correctly converges to zero even if the starting gap function is different from zero. The curves labeled TF-ME show the detailed sampling of the whole energy range given by our k-point mesh, down to a few eV. Within the TF-ME approach, the spread in the values of the gap function of Pb at energies near E F is quite small ͑around 2%͒, which can be understood as a consequence of a rather isotropic Fermi surface. This spread is larger for the higher-energy states because of the larger spread of orbital character in the electronic states. The gap function for both materials exhibits a very similar shape, with a node at about 0.4 meV, and a negative tail extending to high energy. This shape is basically independent of the temperature, and is a general feature found in all our calculations. Due to the presence of Coulomb repulsion, this shape is a necessary condition to obtain a superconducting solution. It is well known that the structure of the gap equation is such that the repulsive Coulomb interaction between two Cooper pairs ͑at ͕k ↑ ,−k ↓ ͖ and ͕kЈ ↑ ,−kЈ ↓ ͖͒ gives a constructive contribution to the gap if the values of ⌬ nk and ⌬ n Ј k Ј have opposite signs. This condition is realized when, e.g., nk is small and n Ј k Ј is large. Similar arguments are the basis of the classical calculations of Ref. 33 , and result in the definition of the renormalized Coulomb parameter * . The three different schemes ͑TF-FE, TF-SK, and TF-ME͒ agree well among themselves for Pb, while for Nb the TF-SK curve differs by 10% from the TF-SK and TF-ME results. This difference can be explained by looking at the band structure of the materials. In Pb, the valence and conduction bands are basically due to s and p orbitals, for which the averaged and hybrid schemes work quite well. The same result is found for Al, with an even larger similarity between TF-FE, TF-SK, and TF-ME results. All this is easily understood from the fact that the three schemes TF-FE, TF-SK, and TF-ME become identical in the limit of the uniform gas. Hence one would expect them to yield similar results for the delocalized s-p orbitals. On the other hand, the bands of Nb exhibit a strong d character, which leads to the difference between the methods. A similar behavior is found for Ta. This trend is also confirmed by the value of the gap function for the low-lying semicore d states of Pb ͑not shown in the figure͒ which is very different in the TF-SK, and TF-ME calculations ͑it is much smaller for TF-ME͒. This is a clear consequence of the localized nature of these states, implying a very large repulsive self-term for those bands. In principle, the TF-ME approach should be the most precise.
Note that our approximate functionals use the ThomasFermi model for screening. We have compared the matrix elements of the Thomas-Fermi-screened potential with those coming from a complete ͑static͒ random-phase approximation and found very close agreement between the two approaches. It is very important in this context to define the Thomas-Fermi wave vector k TF in terms of the density of states at the Fermi level, N͑0͒. As the latter is obtained from a full-scale Kohn-Sham calculation, k TF is treated here implicitly as a rather complicated density functional.
Furthermore, we neglect the off-diagonal elements of the dielectric matrix. This is not necessarily a good approximation for transition metal compounds. However, it was shown in the literature 26, 27 that the changes produced by these local field effects are largely canceled by the additional inclusion of exchange-correlation effects ͑generated by the exchangecorrelation kernel 28 of time-dependent density functional theory 29 ͒. We believe that our good results, obtained by neglecting both local field and exchange-correlation effects, can at least partly be explained by this cancellation. Further help comes from the fact that superconductivity describes correlations on the scale of the coherence length, which is usually much larger than the dimensions of the unit cell. On this scale, local field effects are certainly less important.
The gap function at the Fermi energy is depicted in Fig. 6 as a function of temperature for Pb and Nb. The curves show TABLE II. The critical temperature ͑upper panel͒ and the superconducting gap at Fermi level and T = 0.01 K ͑lower panel͒, compared with experiment ͑Ref. 30͒. We show also the total electronphonon coupling constant ͑Ref. 31͒. a BCS-like square root behavior close to T c , which we would expect for these simple superconductors. For Pb, both T c and ⌬ 0 agree quite well among themselves and with the experimental results. For Nb, on the other hand, the TF-SK gap is roughly 15% smaller than the TF-ME curve. Curiously, the TF-SK gap at zero temperature is very close to the experimental value, while the TF-ME yields a much better transition temperature. The difference between the methods can be once more explained by the d character of the bands in Nb close to the Fermi energy.
Our results for the superconducting transition temperatures and gap functions are summarized in Table II and in Fig. 7 for all materials studied. In the same table we also show the experimental results, and the values of the electronphonon coupling constant . Mo is a weak-coupling superconductor with a very small gap and very low transition temperature. In this case, the different theoretical approaches lead to quite different results, and the overall agreement with experiment is not very good. Surprisingly, it is the TF-FE approach which gives the better results. However, many tests showed that the Mo results are very sensitive to the details of the density of states underlying our calculations. This is quite normal for a material with such a small gap resulting from a very fine balance between large terms. In Al the electronic states have a strong free-electron character and the density of states follows closely the free-electron DOS. It is not surprising, therefore, that all three methods yield very similar results. These results are also in satisfactory agreement with experiment. Ta shows a behavior similar to Nb, but the agreement with experiment is poorer. Moreover, the larger spread of values for Ta relative to Nb can be explained by the smaller values of ⌬ and T c . As in the case of Mo, the TF-FE approach yields the best results. This surprising result can be understood to some extent: The TF-FE approach is fully consistent, in the sense that all the quantities entering the method are averaged in similar ways; in the TF-SK approach, on the other hand, certain quantities ͑but not all͒ are calculated at the average density. We emphasize, however, that the agreement of our results with experiment, without making use of any adjustable parameters, is unprecedented in the field. We note in passing that for Cu we could not find a nontrivial solution of the gap equation at any temperature, which also in in agreement with the experimentally observed absence of superconductivity in Cu.
It is instructive to visualize how the different terms entering the gap equation combine to yield the values listed in Table II. Table II: The phononic term K ph is negative, and is responsible for the superconducting state in the simple metals we studied; Z ph gives a repulsive contribution, whose relative importance increases for the strong-coupling materials; finally, the electronic Coulomb repulsion leads to a large cancellation between constructive and destructive interference effects. To better understand these effects we plot, in Fig. 8 , the gap function at zero temperature of Pb obtained through the solution of the gap equation ͑20͒ including only K ph , the two phononic contributions, or all three phononic and Coulomb contributions. Clearly, the value of the gap is the result of a subtle interplay of opposite contributions, each one considerably larger than the gap itself.
Another interesting point regards the convergence of the gap function with the energy cutoff. This convergence can be observed in Fig. 9 , where we plot the gap for Pb and Al calculated within the TF-FE approach. The different materials behave differently, with a faster convergence for the material with stronger electron-phonon coupling. However, even for Pb, an energy cutoff of at least 10 eV was necessary to achieve convergence. It is a key feature of our approach that the matrix elements of the screened Coulomb interaction are used in the kernel of the gap equation up to very high energies. It is this feature that allows for the description of nontrivial, material-specific effects. Traditionally, the use of this large energy window is avoided by rescaling the Fermisurface average of these matrix elements. This rescaling leads to the the Morel-Anderson pseudopotential * . While * is an ingenious concept to capture the essential physics of the Coulomb repulsion in simple superconductors, it is not sufficient to treat more complex materials such as, e.g., MgB 2 . The detailed analysis carried out in Ref. 5 shows how the actual value of matrix elements of the screened Coulomb interaction, computed with respect to Bloch states of different orbital character ͑ and ͒, leads to nontrivial effects, determined by the specific character of the orbitals. This indicates that, contrary to common wisdom, superconducting properties are not exclusively determined by a small region around the Fermi level. Only the contributions from states higher than 20-30 eV are essentially negligible, due to the asymptotic decay of the Coulomb term ͑26͒.
After solving the gap equation, it is straightforward to calculate thermodynamic functions, such as the electronic entropy of the Kohn-Sham system,
where k B is the Boltzmann constant. In Fig. 10 we depict the difference of entropy between the superconducting and the normal states ⌬S = S S − S N for Pb and Nb. This quantity has the expected temperature dependence, going smoothly to zero at T c . This indicates the stability of our calculations even close to the transition temperature where the gap becomes very small. In the same figure we also depict the normalized specific heat C e SN,N ͑T͒ / C e N ͑T c ͒. The specific heat is obtained by evaluating numerically the temperature derivative of the entropy. Despite the numerical uncertainty associated to the calculation of the derivative, the curves of the specific heat are quite stable. The discontinuities of the specific heat at T c obtained within the TF-ME approach are shown in Table III . Our results are in quite good agreement with experiment: While for Al and Ta we confirm the BCS value found in experiments, we reproduce the strongcoupling value of Nb. For Pb the agreement with experiment is worse, but still within acceptable margins.
It is clear that any theory that aims at describing the superconducting state has to include retardation effects. While the main equation of our density functional formalism, the gap equation ͑5͒, has the form of a static equation, retardation enters through the electron-phonon part of the exchangecorrelation potential. To further demonstrate that our theory takes retardation effects properly into account, we calculated the isotope effect coefficient ␣. In fact, if retardation effects were not included, ␣ would be equal to the BCS value ␣ = 0.5. For a monatomic solid, the Eliashberg function ␣ 2 F͑⍀͒ for materials with different isotopic masses can be obtained by rescaling the phonon frequencies with the square root of the nuclear mass M. Note that only the frequencies are rescaled, while the total electron-phonon coupling constant remains unchanged. Within the TF-FE approach, we computed the isotope effect of the gap function. We obtained the values 0.37 and 0.47 for Mo and Pb, respectively, which can be compared to the corresponding experimental values ␣ = 0.33 and 0.47. This agreement with experiment, in the presence of a significant deviation from the BCS value, proves, in our opinion, that retardation effects are properly taken into account in our calculations.
To conclude the presentation of our results we show, in Fig. 11 the order parameter represented on the basis of Bloch orbitals. The lower panel of the figure depicts the order parameter for Al, Pb, and Nb as a function of the energy of the corresponding Bloch state. As expected, nk is very localized in a small energy window around the Fermi level. The spread of the order parameter in k space is related to the inverse of the coherence length of the superconductor. This can be visualized by rescaling the relative energy by 0 / qv F , where 0 is the experimental coherence length of the material and qv F = ١ k nk is the Fermi velocity. The resulting curves depict the spread in k space of the wave packets describing the Cooper pairs in units of the experimental coherence length. As expected, the curves for Al, Pb, and Nb are quite similar to each other, and have a width comparable to unity. We can therefore conclude that not only the maximum gap value but also its overall energy dependence are described accurately in our approach. 
VI. CONCLUSIONS
In this work we present the first full-scale application of the ab initio theory for superconductivity, which was developed in the preceeding paper ͑I͒. Superconducting properties of simple conventional superconductors are computed without any experimental input. In this way, we were able to test the theory developed in I and to assess the quality of the functionals proposed. It turns out that the different proposed functionals lead to results which are in good agreement with each other for the simple metals studied. The agreement is better when the normal-state Bloch functions are not too strongly localized ͑like, e.g., the sp orbitals in metals in contrast to the more localized d states of the transition elements͒. The most important result is that the calculated transition temperatures and superconducting gaps are also in good agreement with experimental values. The largest deviations from the experimental results are found for the elements in the weak-coupling limit with Mo being the most pronounced example. We emphasize, however, that the agreement of our results with experiment, without making use of any adjustable parameter, is unprecedented in the field. Furthermore, we also obtained other quantities such as the entropy and the specific heat. Our approach reproduces the correct values for the discontinuity of the specific heat at T c even in the strongcoupling regime. Finally, we calculated the isotope effect for Mo and Pb, achieving again rather good agreement with experiment. These results clearly show that retardation effects are correctly described by the theory. Our calculations demonstrate that, as far as conventional superconductivity is concerned, the ab initio prediction of superconducting properties is feasible.
